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Abstract

We develop an OLG model with heterogeneous agents and aggregate uncertainty to
study optimal Ramsey taxation when the government can use a credible set of social security
instruments. Social security mitigates the income effect in optimal labor tax smoothing and,
together with heterogeneity, adds new redistributive motives to both labor and capital taxes
while crowding out others. We calibrate the model on three different economies: the US,
Netherlands, and Italy. We argue that the three countries would experience heterogeneous
gains, in redistributive and efficiency terms, by moving from the status-quo allocations to those
prescribed by a utilitarian Ramsey planner. Our simulations show that retirement benefits in
the current economies are higher than their Ramsey-optimal level while we argue that the
use of funded social security schemes, neglected in current actual policies, could be welfare

improving.

JEL classification: H21, H23, H24, H31, H55, E62.

Keywords: Optimal taxation, Social Security, tax smoothing, efficiency, redistribution.

*We especially thank Cristiano Ricci for the research assistance with the numerical simulations. We also thank the
participants to the Netspar IPW 2022 for various comments and suggestions. The realization of this article was possible
thanks to the financial support of the Netspar comparative research grant 2021.

*Paris School of Economics. Contact: francesco.delprato@psemail.eu.

#Scuola Normale Superiore. Contact: marco.francischello@sns.it.

SEinaudi Institute for Economics and Finance. Contact: matteo.paradisi@eief.it.


mailto:francesco.delprato@psemail.eu
mailto:marco.francischello@sns.it
mailto:matteo.paradisi@eief.it

1 Introduction

Three well-established trends have recently characterized advanced economies. First, labor produc-
tivity growth has halved since the 1980s and particularly after the 2007-2009 global financial crisis
(Dieppe, 2021). Second, both wealth and income inequalities have been increasing, most notably
in the US (Chancel et al., 2021). Third, the population has dramatically aged: over the last forty
years, the number of over-65 per 100 people of working age in OECD countries increased from
20 to 31 (OECD, 2019). These trends have heterogeneous impacts across generations and worker
groups, pushing toward policy reassessments. For example, a well-designed pension system can
help to reduce inequalities among retirees, while the generational policy imbalance observed in
many western countries will cause the future generation to pay significantly higher taxes in the
years ahead (Kotlikoff, 2009). This paper provides a new normative framework for studying how
the optimal policy mix of taxes and social security instruments can help deal with these trends.

In our analysis, we rely on a neoclassical, general equilibrium Ramsey (1927) taxation model
augmented along three directions: i) we substitute the infinite-horizon households with a series
of overlapping generations (OLG); ii)) we add aggregate and idiosyncratic risks; iii) we include,
among the policies, a rich set of social security instruments. The OLG structure breaks the
Ricardian equivalence and lets us capture two relevant factors: first, the policies” incidence on
a single generation and, therefore, the reduced scope for their perfect smoothing; second, the
across-generations redistributive and risk-sharing concerns. Aggregate uncertainty allows us to
study how the government responds to temporary shocks that impact asymmetrically on different
generations, while through idiosyncratic shocks, we can investigate the need for redistribution
within a single generation—in a similar way to equity concerns in static models. Finally, we add
social security to the standard policy mix usually studied in Ramsey problems because it improves
the credibility of our framework, being a relevant-yet-understudied government’s leverage to
impact all the trends we described earlier. This is why we find it crucial to model social security
to mimic how many pension schemes work closely. In our model, workers receive a retirement
transfer from the government made of two components: one is fixed (i.e., a minimum pension
benefit), while the other is work-related (i.e., fees paid by workers during their working period,
reevaluated at a specific replacement rate). The government finances this social security scheme by
mixing two methods: one is taxing current payrolls (PAYGO or unfunded approach); the other is
capitalizing taxes levied on the current generation of retirees while they were working (funded

approach).

Through this framework, we theoretically characterize optimal distortionary labor and capital
taxation, and we comment on their interactions with social security. The key question here is
to understand how social security can be optimally used together with classic Ramsey policy

instruments at the optimum.

First, we provide conditions for optimal labor taxation smoothing over time. In particular, we show
that the government has preferences for smoothing across generations the deadweight loss of
labor taxation, i.e., the net loss in welfare efficiency that follows the collection of an additional
dollar of revenue through labor taxes. We formalize this intuition under a simplifying quasi-linear
assumption,when such smoothing is independent of the households’ types: the government fixes



the same distortion pattern over time for each type so that such a pattern is decided only through
preferences for intergenerational redistribution. We then introduce concavity in preferences and
decompose the marginal effects of taxation in three elements: a mechanical, a distortionary, and an
income effect. In doing this, we extend the smoothing formula proposed by Hipsman (2018) in
three directions. First, we adjust the income effects to accommodate the mitigation brought in by
the social security instruments, which reduce the response in labor supply that would follow a
marginal increase in labor taxes. Second, since agents are heterogeneous in our setting, we derive
formulas describing the optimal smoothing pattern of the marginal contribution to the deadweight
loss of a given type. Third, we obtain additional motives for labor income taxation that stem from
redistributional objectives. These new motives mark the distance between our formula and a perfect

smoothing result.

We then turn to capital taxation, deriving an optimal capital taxes formula that we decompose in
different terms, each representing an additional motive for taxing capital. We start showing that in
the baseline case—homogeneous agents without social security—optimal taxes can be broken down
into a budget, an aggregate resources, an intertemporal, and a hedging component, on the lines of
Farhi (2010). Each accounts for a specific taxation motive that affects social welfare through one
particular channel. In particular, the budget and the intertemporal components refer to individual
contributions to capital taxation, while the other two relate to aggregate motives. Allowing for
household heterogeneity then introduces an additional redistributional component that adds a
taxation motive to impose distortions to the more productive type for equity purposes. Moreover,
we show that when the Ramsey planner has access to social security instruments and households
are homogeneous, the aggregate terms of the decomposition disappear. The funded component of
social security is indeed financed through a specific tax levied on income and capitalized on the
market, thus acting as a mandatory saving from the point of view of the households. Therefore,
this new instrument crowds out both the aggregate resources and hedging components. The very
same does not hold when allowing for agents” heterogeneity. Actually, we argue that, compared to
the baseline decomposition in the heterogeneous setting, all the terms remain unchanged, but a
newly funded social security term substitutes the hedging one. This new component shows that, at
the Ramsey optimum, the change in the income tax base that follows a variation in the capital taxes
must be taken into account by the planner, who now levies specific taxes to fund social security
instruments. Thus, the planner uses this new income-related channel to smooth capital taxes when

expecting adverse shocks to the economy.

Finally, we briefly discuss the insightful relationship between the pension replacement rate, i.e., the
conversion rate from income to social security benefit the government fixes for the work-related
component of the retirement transfer, and the debt issued by the government for financing expenses.
We show that, in equilibrium, the optimal replacement rate needs to balance the present labor
distortions with future risk-free capitalization. Intuitively, a higher replacement rate calls for a
larger labor supply in the present period while changing the bond’s return in the next one. This
effect on returns manifests both because the change in the social security instrument changes the
aggregate income and because the replacement rate acts, conceptually, as another risk-free asset.

Thus, the planner needs to consistently coordinate the two risk-free instruments at the optimum.

With this rich theoretical setting at our disposal, we then turn to the quantitative implication of our



model. To allow for a richer and more credible discussion of the policy implications we derive in
our numerical exercise, we calibrate our model on three different economies: the United States, Italy,
and the Netherlands. These countries exhibit different mixes of current policy and macroeconomic
parameters, thus enriching our calibration’s power to credibly inform policy. For computational

feasibility, we focus on the deterministic steady state of the model for each country.

First, we compare the allocations achieved in the benchmark economy, i.e., those stemming from
calibrating the model with the status-quo parameters, with the social optimum and Ramsey
allocations, i.e., the first-best allocations that maximize social welfare with no use of the policy
instruments, and the feasible allocations a Ramsey planner reach at the optimum. Overall, the social
optimum implements the highest consumption for every household type and a more efficient labor
supply. Still, the status-quo economy and the Ramsey optimum achieve allocations mutually more
similar than those of the social optimum since they can use the same set of policy instruments. In
particular, the consumption of young agents increases across types for all three equilibria. We can
show that marked differences in the consumption inequalities across the three countries persist and
that the three face different gains in moving from the benchmark economy to the Ramsey optimum.
For example, the US shows a consumption pattern for young households, which is remarkably
close to the optimal Ramsey allocation, while Italy could obtain much larger benefits from a policy
shift. Moreover, the Ramsey optimal allocation of old consumption is steeper for all the countries
except the US, where this quantity is suboptimally high for the wealthiest. Instead, old households
consume the same independently of their type at the social optimum. Finally, labor supply is flat at
the Ramsey optimum because of the separability of consumption and labor, and all three countries
exhibit too much labor effort exerted by low types. The social planner, on the contrary, maximizes
efficiency by reaching a corner solution where the lowest types do not work at all. Overall, these
numerical results provide valuable insights into the direction of policy-adjusting intervention in

the three countries from both a redistributional and an efficiency perspective.

To further investigate the gains from a policy shift from the status quo to a Ramsey optimal
allocation, we analyze the consumption-equivalent variation by household type in each country.
Intuitively, this measure quantifies the percentage variation in consumption each type would need
to be indifferent between the two scenarios, keeping labor constant: the larger it is, the higher
the gains from the shift for that type. This exercise informs in particular how (un)equal such
compensation should be—something insightful on the distribution of the distance from the Ramsey
optimality across types in the status quo. For example, in the Netherlands, the gains from the
shift are much more equal than in the US, where the less productive types demand substantial
compensation to be indifferent after the change.

We then turn to social security. We find that retirement benefits in the benchmark economies are
higher compared to those the Ramsey optimum prescribes—with a much wider gap for Italy and
the Netherlands than for the US. We treat this more as a qualitative rather than quantitative result
since our two-period OLG structure mechanically calls for a low rate of work-to-retirement years,
thus artificially depressing the optimal replacement rate. Remarkably, our simulations prescribe a
positively funded social security component, i.e., a mandatory saving the government imposes on
workers to finance their pensions. This instrument is currently unused in all three countries we

consider.



Related literature Our contribution lies at the intersection between the literature on Ramsey
optimal taxation and the one addressing retirement policies. Classic findings in the former include
results on income tax smoothing (Lucas and Stokey, 1983; Werning, 2007) and no capital taxes (Judd,
1985; Chamley, 1986). The optimal taxes have been characterized under further assumptions such as
incomplete markets (Aiyagari, 1995; Aiyagari et al., 2002; Farhi, 2010) or heterogeneous households
(Werning, 2007). Economies in these works feature a standard infinitely-lived cohort of households,
where intergenerational redistribution is not a concern. Other papers have used the OLG setting
to discuss optimal Ramsey taxation both theoretically (Atkinson and Sandmo, 1980; Erosa and
Gervais, 2002; Garriga, 2019) and quantitatively (Conesa et al., 2009). These papers do not include
aggregate uncertainty, and so they do not inform optimal policies for responding to stochastic
shocks. Hipsman (2018) adds aggregate stochasticity to a rich OLG setting similar to ours, but
with no households” heterogeneity—thus, not discussing within-generation redistribution—and
no social security. Saitto (2020), on the contrary, builds an OLG optimal taxation model with
households’ heterogeneity but no aggregate uncertainty and, again, no social security. More
precisely, none of these papers exploit social security instruments as Ramsey policies, while we

characterize their interaction with classical income and capital taxes.

The literature on retirement policies has separately addressed some relevant aspects we discuss
in this work, such as financial sustainability—while much less is available on intergenerational
inequality. Still, no study adopts a comprehensive setting such as ours. While Imrohoroglu et al.
(1998) and Krueger and Kubler (2006) have investigated the welfare effect of introducing a PAYGO
social security system, they respectively allow for either idiosyncratic or aggregate risk only, while
we pool the two together. Harenberg and Ludwig (2019) address the same question considering both
risks, but under benefit schemes that are extremely simplified, thus different from those that are
currently present in advanced economies. Ciurila (2017) explores the relationship between different
benefit schemes (defined benefit vs. notional defined contribution) on long-run macroeconomic
variables and welfare without considering differences in the system funding. Bonenkamp et al.
(2017) analyze how pension reforms may be an instrument to respond to demographic and financial
aggregate risk only. Hosseini and Shourideh (2019) look for Pareto-efficient reforms in social

security systems, proposing a test on earning and asset taxes.

Paper’s structure The remainder of the paper is organized as follows. Section 2 lays out the
model’s primitives, the agents” problems, and the social welfare function. Section 3 discusses the
social planner’s problem, while Section 4 presents and comments the Ramsey problem. Sections 5
and 6 illustrate our results on optimal labor and capital taxes, respectively, and their interactions
with social security instruments. Section 7 discusses the relationship between the replacement
rate and the risk-free bonds. In Section 8 we calibrate the model and in Section 9 we discuss our
quantitative results in steady state. Section 10 concludes.

2 Model

We study a closed, neoclassical overlapping generation economy with two generations, nesting an
infinite horizon model, in the spirit of Atkinson and Sandmo (1980). Agents are heterogeneous
in their productivity and work when young in the period they are born, whereas they retire in
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the following period, once old. Firms are homogeneous and maximize their profit statically. The
economy faces aggregate shocks, and markets are incomplete.

2.1 Uncertainty and heterogeneity

We model aggregate risk as a discrete set of states s; € S and histories of those states s' =
(so,s1,...,5t-1,5¢t). The state s; is characterized by a shock to the economy y;, and evolves
according to a Markov process described by the transition matrix M. Government consumption is
exogenous and takes the form of a government spending shock G(s;) that only depends on the
present state and not on the history. For each history s!, there exists a one-period risk-free bond that
pays a premium R%(s*) = 1 + r¥(s*) at all histories s'*! > s*.1 Throughout the paper, we suppress
the argument of all the terms depending on the stories, replacing it with according subscripts: for

each symbol x, the reader can think of x; as equivalent to x(s'), unless differently specified.

Households have heterogeneous labor productivity, characterized by the discrete type 0, exoge-
nously taken from a time-varying probability density ®; on the support S;. We denote with ©;(0)
the probability that a worker is of type O at time £.

2.2 Demographics and timing

Young. Time is discrete. At each time ¢, a new generation of size n ty is born.? In this period, agents

observe their type 0 and the realized state of the world s;, and choose their labor supply lg ¢, the

Y

investment in risky capital ¢ ¢, the investment in public debt by +, and their consumption c,,.

Old. A share ;1 of the young generation at time ¢ survives in the following period so that
Yr+any,, old workers retire at f + 1. Old households consume the returns from the previous-period
investment choices and receive a social security benefit from the government. The aggregate capital
income not enjoyed by old agents due to mortality risk becomes unintended bequests and is added

to the government resources for the sake of the model’s tractability.?

2.3 Government policies

We let the government choose an optimal policy mix of public debt, capital and labor taxes. In
addition, we allow for an additional instrument to redistribute across generations by including
a social security system that encompasses two benefit schemes and two financing mechanisms.
Retirees obtain a mix of defined benefits and work-related contributions. The government finances

these benefits through a funded and unfunded component.

K
t

are taxed at a rate that depends on history s’ (Farhi, 2010). These taxes are levied on the returns on

Formally, the government sets capital taxes 7," one period in advance so that returns at time ¢ + 1
risk-free bonds and on capital returns net of the exogenous depreciation rate 6. Thus, the after-tax

return is RE’T =1+(1-15) rf’ for the risk-free bond with return rf, and Rﬁ; =1+(1-15) rﬁl for

1Since the bond is risk-free, its return at ¢ + 1 only depends on history s.

?These agents are then young at t and old at t + 1. Therefore, n{ = nty_l.

30ptimal bequest taxation with heterogeneous households has been extensively studied in papers as Farhi and
Werning (2010) and Piketty and Saez (2013).



the risky capital, where rX

t+1
RK | =1+7rK the pre-tax return on risky capital and with RV =1+ rf’ the pre-tax return on the

bond.

is the risky rate in t + 1, net of capital depreciation. Moreover, we call

Moreover, the government levies the following total income taxes on a worker with productivity 0
earning wage wg ;:
T (woplos) = [1) + 7% wo lo,

where 7/ € (=0, 1) is the linear labor income tax rate, and 7% = 75U + 755F is the income tax

ss;U which bankrolls current

financing the social security, consisting of the unfunded component 7
benefits, and the funded one, t55F, invested in the capital market to finance future benefits. Moreover,
wg(s'™1) is the wage paid to a worker with productivity 0. Notice that, from the point of view
of the household, such a tax structure implies that it is impossible to distinguish the unfunded
component of social security from the labor income tax. Thus, we will treat the former as an implicit

component of the latter in the whole paper.

Finally, the government transfers a social security benefit ', to a retired worker of type 6 in each
period. The benefit consists of a work-related and a fixed component (i.e., a minimum pension
benefit):

Yor =KiqWo-1lo-1+ 77
«* is the replacement rate, regulating the amount of labor income converted to pension, and ¥;*,

is the fixed component of the benefit—both decided in t — 1.
2.4 The agents’ problems
The economy is populated by three types of agents: homogeneous firms, heterogeneous households,

and the government.

Firms A representative firm has constant returns to scale technology F(K, L) using capital and
efficient labor and statically maximizes its profit given a collection of prices Q = {wg , rtK}. Thus, it

solves the following problem
L y K
maximize yiF (Ki-1, Lt) — 1} Z we,tlo,O(0) — 1p Ki—q
Ki-1,{lo,t }oes 0
subject to L; = nty Z Olp 1©:(0)
0

Optimality conditions equate capital and labor prices to their marginal product*:
OyiFry =wes and yiFg = rtK

To stress the dependence of prices from Os and the aggregate shock, we denote @(s') = Fy ; and
7X(s!) = Fx s so that a worker earns wg; = y;@(s")6 per unit of labor and receives r = y,7X(s")
per unit of capital invested.

“For better readability, we omit everywhere the arguments of first and second derivatives of the production function.



Government At time ¢, the government sets a collection of policies P = {Tf, ’ctss'U, TfS’F, K5, ’ctK_ 17

rf’_l }, given the exogenous spending G;, that satisfies the following budget constraint
¢RI Z bo,-104(0) + Gy + nf i Z ys,0:(0)
<n/ Z(Tt + 7 Vywe ilo,:04(0) + njtr rf Z 70,-10¢(0)

+n) Z bo,1©:(0) + nTS> RK Z wo,1-110,1-10¢(0) + nf (1 — ;)RF Z 70,:-10:(0)
0

i.e., the government uses debt to balance the difference between expenditures and revenues from

income, capital, and social security taxes.

Households A worker of type 0 from a given generation who is young at time ¢ chooses the

allocations H = {c lot,q0,,bo,} to maximize life-time utility discounted at rate g € (0, 1)

0,t’ 6,t+1’

max711{mze u ( Co s Corsrrlo t) (Cg,t' le,t) + B By [” (Coe,t+1'0)]

subject to cg’t +qot+Dboy < [1 - Tl TSSF > U] wotlot, (2.1)

Ccé,tﬂ < R 15]6 t +R bet + Kt Swe tleo ¢ +yt (2.2)

Optimal allocations for a household must satisfy the no-arbitrage condition®

—Cov (RK T oue )

t+17 c ,0,t+1
B |REG |- Ry = 23)
0
E; [”c,e,m]
and the labor-leisure condition
Yy
u KSS
1,0
— = [1 —l -7 4 thl Wo 4 (2.4)
uc,@,t Rt

where the labor wedge depends on labor income taxes and social security taxes and is decreased
by the discounted expected return on social security, which depends on the replacement rate.
Notice that an increase in the replacement rate reduces the marginal disutility of labor since it
gives households incentives to work today to enjoy higher consumption tomorrow. Indeed, an
instrument that links present earnings to future consumption acts as a risk-free mandatory saving
program. This explains why the return on the government’s debt scales it in (2.4): the government
must set the two hand in hand to avoid arbitrages between the two risk-free assets. We will discuss

this implication extensively later on when talking about optimal taxes.

2.5 Feasibility, market clearing, and equilibrium

Three equations regulate the flow of resources in the economy. Total investment in risky assets

must equate to the aggregate level of capital. Hence, the market clearing condition in the capital

SFor readability, we omit the arguments of the marginal utilities in all the text.



market requires

Ke=n} > q0,04(0) +n!5*F " w0,10,04(0) (2.5)
0 0

The efficient amount of labor employed by the firm must be consistent with the households’ labor
supply:
Ly =n} )" 0lo,04(6) (2.6)
0

Finally, the aggregate resource constraint implies the following feasibility condition

ny Cg,t@)t(@) +nl Yy Z p1OH0) + Gt + K¢ < i F (K1, Ly) (2.7)

0 0

Using the setup outlined above, we can define a competitive equilibrium as follows:

Definition 1 (Competitive equilibrium). Given the initial stocks bg(s™) and gg(s™!) for each
0 € ©_1, and the initial prices and policies rK(s71), #¥(s71), T(s71) and x**(s7!), a competitive
equilibrium is a set of prices @, policies £ and allocations H such that households and firms
maximize their utilities under the budget constraints, the feasibility constraint holds, and markets

clear.

2.6 Social welfare function

We measure social welfare as the discounted sum of households’ utilities weighted by two sets
of welfare weights. Preferences for redistribution across generations are captured by the set of
generational weights {¢; }+>0, while weights {g(0)}scs measure the social desire for redistribution

within a given generation. Therefore, we define the ex-ante social welfare function as

Dol Y gOU (chlosch ) ©1(O)]  (28)

t>0 0

W= goipond Y. g(0)u (cg, 0) ©(0) + Eo
¢}

The concavity of the utility function already provides motives for redistribution even when the
government is utilitarian and g (6) = g for any 0. Indeed, a decreasing marginal utility implies that
a government prefers allocations with low dispersion in consumption. Therefore, welfare weights
g (0) capture preferences for redistribution on top of the desire for redistribution implied by the

agents’ preferences.

3 Social planner

We introduce a social planner optimum to characterize the first-best allocation that will serve as
a benchmark to evaluate welfare in the Ramsey optimum. Under the feasibility constraint and
the market clearing condition for labor, a social planner maximizes the discounted sum of the
generations’ average utilities by directly choosing among implementable allocations. Therefore, we
state the planner’s problem as



Definition 2 (Planner’s problem). The planner’s problem is a maximization of the ex-ante social
welfare function (2.8) subject the following constraints:

¢ the feasibility constraint (2.7);
¢ the market clearing condition for labor (2.6);
* the initial condition on capital Ko = 1§ 3¢ 90(50)©:(0).

Since the planner has direct access to allocations, the problem does not account for the instruments
detailed in Section 2.3. The only relevant constraints are the feasibility and efficient labor ones,
plus an initial condition on capital. We refer to the solution of the social planner problem as a social
optimum.

Proposition 1 (Social optimum). The social optimum allocations satisfy the following conditions:

Y , ’
uc,@,t — 8(6) an u?,@,t — g(@) VO 6/ (3 1)
T B (0 K
Y
U o,
c,0,t
Y
uc,@,t _ ¢t—1 (3 3)
ﬁug,e,t ol
Y
th uc,@,t

=1 (3.4)

¢,

Pr+1 E; [uy&t+1 (I +yiFre1 —0)

Equations (3.1)-(3.4) are derived from the first-order conditions on the social planner’s problem as
illustrated in Appendix A.2.

First, equation (3.1) shows how the planner trades off the marginal utilities of different types. In the
corner case with constant welfare weights, i.e., g(0) = g for each 0, the planner is utilitarian and
equalizes the marginal utility of consumption across types for both young and older workers. Hence,
the planner allocates the same consumption to all the old types within a given generation since their
marginal utility does not depend on labor. This equality result holds for the young generation if and
only if the preferences are separable in labor and consumption. Outside the utilitarian benchmark,
given any two types within the same generation, the social planner trades off their marginal utilities
of consumption depending on the ratio of their social welfare weights. In particular, the marginal
utility of consumption across two generic types 0 and 0’ grows proportionally to the inverse
ratio of their welfare weights, guaranteeing that types with lower g(-) get lower consumption in
equilibrium.

Equation (3.2) is the standard labor-leisure condition that equates the marginal disutility of
working to the marginal product of labor. It shows that the social planner requires more productive
individuals to work more for efficiency reasons. More hours of work are compensated as described

by equation (3.3). Because the marginal utility of consumption decreases in labor when preferences
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are not separable, and the consumption of old agents is constant across households, the planner
must promise larger consumption when young to high-ability individuals to compensate them
for their higher labor supply. This compensation disappears if preferences are separable and the
marginal utility of consumption is independent of labor supply.

Finally, equation (3.4) pins down the optimal savings path, which in turn determines how aggregated
capital is transferred across generations. Capital is set in equilibrium such that the marginal effect
of transferring one unit of consumption across young agents of two different generations equates

to the ratio of their generational welfare weights.

The social planner problem presumes that the government observes individual types and that
there are unconstrained instruments. In the next Section, we set up a Ramsey problem where the
government chooses optimal policies from a given set of instruments to maximize social welfare,

keeping agents” optimal responses into account.

4 Ramsey planner

A Ramsey planner is a benevolent government that maximizes social welfare by choosing an
optimal mix of policies . Hence, the planner chooses the Competitive Equilibrium that maximizes
the social welfare function. We define the Ramsey Planner’s problem as follows.

Definition 3 (Ramsey Problem). The Ramsey problem is a maximization of the ex-ante social

welfare function (2.8) subject to the following constraints:
¢ the young (2.1) and old (2.2) generations budget constraints;
¢ the feasibility constraint (2.7);
¢ the market clearing conditions for capital (2.5) and labor (2.6);
¢ the no-arbitrage (2.3) and labor-leisure (2.4) conditions.

We rewrite the problem using a variation on the so-called primal approach (Lucas and Stokey, 1983)
since we have a rich set of policies for the government’s use. Therefore, we let the government
search for the optimal allocations given the social security instruments 7°F and k%%, and then we
derive the other Ramsey optimal supporting policies and prices. Then, we ensure that the obtained
set of policies, prices, and allocations satisfy the conditions for a competitive equilibrium. Since we
will focus our analysis, in the following section, on the distortion caused by the policies enacted by
the government to reduce the dimensionality of the problem, we assume /** = 0. The following

Definition and Proposition formalize this approach.

ss, F

Definition 4 (Implementable allocation). Given a set of cross-periods optimal policies {’ct ,

ss y
Kt Ses0r 0t

implementability conditions (IC) hold for each s, t > 0 and for each 0 € S:

we say that an allocation {c; ,,c? ., qo,t,bo,t, los is implementable if the following
0,¢7 1% R FIN|

IC on the young generation:

”y,e,tl@/f + uf,@,t [Cg,t +qo,+ + b@,t] = —ﬁlllt.;_]K?s@]/tFL,tlQ,t E; [ug,e,t+l] YO €S (41)
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IC on the old generation:

y
uc,@,t

Bt B [uly ]

[ — SS
CQ,t+l = bQ,t + o ethL,t'i'

y . (4.2)
Ueor ~ Bt Er [uc,Q,t+l] .
Jor|1+ ~ Fx t+1 VO eS
Be+1 Bt [FK,HWCO,WH]
IC on the feasibility constraint:
F(Ki1, L) =n] Y c} ©0)+n] > cf ©0)+G
vt F (Ki-1, Lt) =n; Cot £(0) + nj Co t t(0) + Gy
0 0
y Yy _ss,F
+n O 0)+n; 1 F 0lp,:O:(0
tz@:%,t 1(0) + 1T, v L,tzel 0,10:(0) 43)
-(1-9) [nty_l Z 00,-10t-1(0) + 1) Ty Fr e Z 0lo,t-19:-1(0)
0 0
IC on the income taxes:
Y ss 0
Uy g+ Break L By [“ 0t 1]
17l - - TfoU] _ S VO eS (4.4)
QVtFL,tuC,Q,t
IC on the capital taxes:
Y
P PYra1 Er [ug,e,Hl]
-1, = - VO eS (4.5)
Bt B [Pty s |
where Fx 141 = V141Fk 41 — 0.
Proposition 2 (Implementability conditions). If a set of cross-periods optimal policies 7;*", x3°

and an allocation cg 17 Ch ¢ q0,t,bot, lo+ solves the Ramsey problem, then the allocation must be

implementable, i.e., the ICs (4.1), (4.2), (4.3), (4.4), (4.5) must hold.
Proof. The proof can be found in Appendix A.3. O

To solve the Ramsey problem, we attach an agent-specific—except for the feasibility constraint—
Lagrange multiplier for every ¢ > 0 to each constraint in Proposition 2. In particular, we define
the multipliers /\Z , for (4.1), Ay, for (4.2), and /\{ for (4.3). Moreover, since the policies are not
0-specific, ICs on ihcome (4.4) arlld capital (4.5) taxes ensure that the agents’ choices are consistent
across all workers’ types. Thus, the differences between the rhs of the two constraints must be zero
for every couple 0, ', and we attach the multipliers )\Ié, o, and Alg’ o ¢ to these differences. This
approach is similar to the one adopted in Chari et al. (1994).
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5 Deadweight loss from labor taxation and social security

In this section, we study the optimal smoothing of labor taxes and their interaction with social
security instruments. Since the structure of the model does not allow us to derive explicit formulas
for marginal tax rates (or the labor wedge), we focus on the marginal deadweight loss (DWL) from
labor taxation as a measure of labor distortions. The DWL is the net loss in efficiency that arises
from collecting an additional dollar of revenue through the labor tax.

We link the DWL to our formulas with the following argument. At a Ramsey optimum, the DWL
from labor taxes must equate the monetary social value of providing a lump-sum transfer to all
individuals. The Lemma below formalizes this intuition.

Lemma 1. At the optimum, the marginal deadweight loss associated with an increase in labor
taxes at the story s!, D!, is equal to the total government value of collecting a dollar through a
lump-sum transfer from young agents:

Y
Dl = _Z Ao (5.1)
f — Wo,i '

where Wy, = n} :g(0) ©(0) is the social marginal value of increasing utils for a young worker of
type O at time ¢.

Proof. The proof can be found in Appendix A.4. O

The multipliers /\Z ; in the numerator of (5.1) capture the value of transferring a dollar to young
individuals, while the denominator represents the government value of increasing by one unit the

utility of young agents and converts utils into money.

Due to the richness of our model, it is not always possible to make D' explicit in our formulas.
Thus, we also discuss the individual contribution to the DWL, i.e., the value of relaxing the
implementability condition for a young agent of type 0, normalized by the marginal social utility
of increasing their consumption. Formally:

Definition 5 (Individual contribution to the DWL from labor taxation). The individual contribution

/\.1/
of a type-0 individual born at s’ to the DWL caused by labor taxation is defined as dg T
’ 0,t

5.1 The deadweight loss from labor taxation in the quasi-linear case

For illustrative purposes, we start our discussion on the optimal DWL from a model with quasi-
linear preferences, which delivers simple formulas. We assume that u (cg b lgrt) = cg ;T hllo,t),
where /1 is a decreasing concave function. The marginal utility of consumption is, therefore, constant

across 0s and equal to 1.

Proposition 3. Atthe Ramsey optimum, the DWL from labor taxation under quasi-linear preferences
evolves as follows

qbtnty (1 +Z_)tl) = ¢)Hlny

B t+1 E; [1 + z_)tl+1] (5.2)
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where D! is the weighted average DWL across 0s. Similarly, the individual contribution follows

¢t+1
ol ©4(0) (1+45 ) = R

Proof. Proof can be found in Appendix A.4.2. O

O (0 [1+4f | (5.3)

Equations (5.2) and (5.3) show the government’s preferences for smoothing the DWL from labor
taxation over time. The former establishes that the evolution of the aggregate DWL follows a
martingale. Such a structure is a byproduct of market incompleteness, and it echoes the tax
smoothing results in incomplete markets established in Barro (1979) and in Farhi (2010) who
obtains a similar martingale structure for the government needs for funds and the marginal cost of

taxation.

Equation (5.3) extends this result to the smoothing of individual DWL contributions. It shows
that the DWL smoothing is independent of 0. In other words, the ratio between the contribution
of young agents’ of a certain 0 to the DWL for two contiguous generations only depends on the
proportion of the generational welfare weights. As an implication, the government chooses the
same distortion pattern over time for every young agent’s type so that the growth in individual
distortions is only pinned down by preferences for redistribution across generations. This result
is a byproduct of the quasi-linearity: since the marginal utility of consumption is constant, the
government has no incentive to compress consumption heterogeneously across types. Concavity in

consumption utility breaks down this result, as we illustrate in the next Subsection.

5.2 The deadweight loss from labor taxation in the general case

We now discuss the general case where preferences are concave, and income effects exist. To make
formulas more intuitive, we preserve the assumption of separability between consumption and
labor, but we report the generic formula in Appendix A.4. We start with optimal DWL smoothing in
the homogeneous agents’ case to distinguish between taxation motives based on the intertemporal
balancing of income and substitution effects and those based on the preferences for redistribution
across different Os.

Proposition 4. (DWL with homogeneous agents). Suppose agents’ preferences are separable in
consumption and labor and that there is a representative agent for each generation, at the Ramsey
optimum, the DWL evolves following

W, |1+ D] (1+ MBY)| = RE“gra B [ W (14 DL, (1+ MBL,)) | (5.4)
where .
T K 0
MB = gﬁé 1- KT?% Pr (St+1lst) + dz; g E; [FKrf+1/\t+1] (5.5)
' Rt'T bi dbr Rt'T E; [A?+1]
and [ . ]
E A? F
L y qt+1 t+1 |V DK 42
MBE, = —o! [1 - ( e T 1)] (5.6)
Crar \ Trn Bt [ t+2]
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Proof. Proof can be found in Appendix A.4.3. O

Equation (5.4) mimics the optimal smoothing in (5.2) up to the use of social marginal utilities W}
that arise from concave preferences, and the presence of the intertemporal marginal benefits of
labor taxation MBL. The formula balances (in expectation) the marginal costs of labor taxation at
two consecutive histories. An increase in the labor tax has a mechanical effect of 1 on consumption,
captured by the first terms on the left- and right-hand sides. Moreover, the tax increase generates
mechanical distortions in both histories that are measured by the second terms on both sides.
Finally, intertemporal marginal benefits of distortions that depend on income effects arise and are
measured by MBL. These terms arise because income effects are not considered pure distortions
and, therefore, should not be incorporated in the marginal cost of taxation.®

The intertemporal marginal benefit at s’ (i.e., MBF) has two components that partly resemble
those in Hipsman (2018). First, an increase in labor taxes reduces the number of issued bonds,

whose return will decrease proportionally to the elasticity of risk-free returns to issued bonds
b,

afft . This change in Rf’T will make the young poorer. To offset it, they will work more because
of the income effect and will thus diminish the distortionary cost of taxation. The social security
benefit partially mitigates this effect since lower interest rates make the replacement rate x* more
appealing for the household reducing the incentives to supply labor in response to a change in
Rf’r. Second, a change in the risk-free interest rate implies that the government must increase taxes
by dtX/db; to reduce the after-tax return on capital (by a no-arbitrage argument). Here, dtX/ db;
is the increase in capital taxes needed to keep a young agent’s consumption constant after a change
in issued bonds. Therefore the second term in MBF captures how this change in capital taxes will
mechanically affect the old generation at time ¢ + 1 (i.e., the young at time ¢#).

L
t+1

direct intertemporal distortionary cost generated from the consumption drop, which is proportional

Y
0,t+1°

no-arbitrage condition will be phased out after s'*!, the last term balances the capital tax term in

L
MBt+1'

The intertemporal marginal benefit at s'*! (i.e., MBL, ) also consists of two components. First, the

to the intertemporal elasticity of substitution o Second, because the tax hike induced by the

5.2.1 Introducing heterogeneity and the need for redistribution

So far, we have ignored the within-generation heterogeneity and all the motives to tax labor that
arise from this model’s feature. In this Section, we add this ingredient and discuss how it augments
the formula in (5.4). Let us define with MBg , and MBé ;.1 the versions of equations (5.5) and
(5.6) where we employ the 0-specific quantitiés or prices for all quantities and prices that can be

O-specific. The following Proposition provides a DWL formula for the heterogeneous agents model.

Proposition 5. (DWL with heterogeneous agents). Suppose agents’ preferences are separable in
consumption and labor and that there are two types 0 > 0’ for each generation. At the Ramsey

¢®Notice that the M B terms are equal to zero in the case of quasi-linear preferences since they only depend on income
effects that are absent in the quasi-linear case.
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optimum, the DWL evolves as follows

~ —L ~ —L
W, [1 +dy, (1 + MBQ,t)] = RV, By [(We,tﬂ (1 vd, (1 + MBQM))] (5.7)

where . X
— I RbT /\6 ot K?S thK /\0 o t
MBg, = MBL, - (ebf T L g + (5.8)
’ ’ b, ot b bt db
R[] (o T B
and y K ( ! ) L
—L To,41 Yo,00 11 ~ (1= T1) Ag o e
MBg . = MBj, 4 — —— +b ks i (5.9)
“o0,1+1 P Bt [/\g,tﬂ]
Proof. Proof can be found in Appendix A.4.4. O

The smoothing of DWL contributions closely follows the structure of (5.4), where aggregate DWL
is replaced by individual contributions to the DWL, and the intertemporal marginal benefits of
taxation are augmented by two factors presented in equations (5.8) and (5.9) that capture the
motives for redistribution. These extra terms depend on the income effects discussed in (5.5)
and (5.6). Indeed, while income effects do not affect efficiency, they do have an impact on the

redistribution across agents within a generation and should therefore be taken into account.

The second term in (5.8) measures how the changes in bond returns and in capital taxes discussed
in the discussion to Proposition 4 affect the margins of choice of an agent 0. Under the assumption

~ L K
that 6 > 6’, we obtain that /\9,9%, AQ,G’,t
richer individuals (from the fact that % becomes more attractive relative to bonds) decrease the

> 0. It follows that larger labor supply reductions on

intertemporal marginal benefit and generate a motive to increase distortions on type 0. At the
same time, the increase in the capital tax thK / dbg ¢ decreases the intertemporal marginal benefit
if it affects richer individuals more, and therefore induces the government to set a larger DWL
contribution for 0. The term would have the opposite sign if the agent was of type 0’. Similarly
to what we discussed for the marginal benefit in (5.6), the second term in (5.9) balances the latter
term in (5.8) and measures the benefits from reducing capital taxes between period ¢t + 1 and ¢ + 2.
If the benefit is larger for richer individuals, it generates motives to reduce the DWL contributions

of these individuals.

6 Capital taxes and social security

This section presents the results regarding optimal capital taxes and their interactions with social
security through an incremental approach, starting from a benchmark case with homogeneous
agents and no social security instruments, then building the intuition of the marginal effects of

relaxing these initial assumptions.

We express T€

as a sum of different components, each of which represents an additional motive to
tax capital. Some of these terms are related to the benchmark result on optimal capital taxes of
Farhi (2010), but with notable differences that stem from the relevant additions in our model: the

OLG structure, the households heterogeneity, and the social security instruments.
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In particular, we show that the funded component of social security taxes crowds out the capital
taxation motives related to aggregate quantities in the homogeneous workers’ case and adds new

motives when assuming heterogeneity among households.

6.1 Capital taxes with homogeneous agents and no social security

Proposition 6 (Optimal capital taxes with homogeneous agents and no social security). If agents
are homogeneous and the government does not have access to social security instruments,
optimal capital taxes at the story s’ with ¢ > 1 are composed of three terms: aggregate resources,
intertemporal, and hedging—each scaled by the mechanical budget component.

1 foaf
T = Bo(10 [TtA (/\t ’At+1) +1T/ (Aty’A?H) + 17 (A?H)] (6.1)
i t+1)
Proof. Proof can be found in Appendix A.5.1. O

Through the decomposition given in Proposition 6, we provide a distinct interpretation of each
motive of the optimal capital tax. In the remainder of this section, we separately discuss the
contribution of each term of the decomposition.

Budget component. The budget component is given by

1 ~
Bt(/\?ﬂ) = ﬁﬁ E; [/\?HFKJH] (6.2)
t

K
t

tionally to the capital tax base F Kt+1 = Vi+1Fr t+1 — 6. Since capital taxes are fixed one period in

An increase in 7, mechanically strengthens the budget constraint on the old generation, propor-
advance, this mechanical effect is appropriately discounted by . Multiplying by the marginal
social utility converts the quantity in welfare utils while dividing by n/ delivers an average for
each agent subject to the tax.

Aggregate resources component. The term representing the motive for capital taxes linked to
aggregate resources is

Afrf f ) _ f pK
T; (At ’/\t+1) = E; [At+1Rt+l

-\

This component accounts for the mechanical effect on the economy’s resources at large that
follows a rise in capital taxes at story s’. Capital taxes affect capital accumulation, influencing the
amount of available resources in the whole economy. Therefore, an increase in the tax affects the
feasibility constraints of two consequent periods. First, when the tax variation is decided since
agents incorporate the information responding to the change in the tax when choosing optimal
consumption and saving. Then, it affects the feasibility constraint of the subsequent period to an
extent proportional to the return on risky capital. The difference between the two terms controls
part of the optimal smoothing behavior of capital taxes. Indeed, a negative shock at the story
s' increases the multiplier at that time (the social welfare effect of a marginal relaxation on the
teasibility constraint), reducing the motives of taxation. Intuitively, the government expects the
shock to be transitory and the economy to grow in the next period. Therefore it decides to shift the

17



tax burden accordingly, moving resources from one period to another. This two-period dynamic
also informs the optimal capital taxes behavior in the secular trend. A government expecting
positive growth in the future prefers to shift the tax burden away from the present and progressively
increase taxes over time. By the same argument, when expecting a slowdown in the economy, such

an increasing path becomes more concave, increasing the smoothness of the tax burden.

Intertemporal component. The component of the optimal capital tax that accounts for intertem-

poral taxation motives is given by

y_ Y
) _ E; [ﬁA?HRFH] — A Uet
- y

t

I[1Y
T (A ¢

t+1

(6.3)
n

This term highlights motives for capital taxation that stem from the agents” intertemporal consump-
tion tradeoff. It captures the incidence of an increase in capital taxes on the taxed generation and its
distortions on the lifetime consumption-saving path. Its structure recalls the one of the aggregate
resource component, although it focuses on a single generation. Adding an OLG structure to the
model requires the government to take into account the effect of a capital tax not only on aggregate
resources but also on the agents that directly pay for it. Indeed, increasing capital taxes shifts
consumption from old to young agents of the taxed generation. Waiving a consumption unit today
to accumulate capital relaxes the young budget constraint proportionally to the marginal utility of
consumption while mechanically impacting the old budget constraint proportionally to the risky
capital return. Such a relationship pinpoints the social value of this intertemporal shifting as an

accounting association between the Lagrange multipliers on the two households’ constraints.

Hedging component. The hedging term reads as
T (Afy) = -BEs [(1 - Tf)qt)/HlFKK,Hlug,Hl] ct(22,,)

where A
CH( 0 ) _ Cov; [/\fH,EItFK,tH] B Covy [/\?+1,61t)/t+11:1<1<,t+1]

t+1

E; [EItPK,Hlug,tH] E; [QtFK,HlMg,tH]

This component echoes the one derived by Farhi (2010). The term in parenthesis is proportional to
the inverse of the elasticity of capital to capital taxes. The higher this elasticity, the lower will be the
tax rate’s absolute value.

The term CH characterizes a motive for capital taxation that attains to smooth the effects of a tax
increase on the agents’ marginal consumption across states (hence, hedging). This term balances
the opposite direct and indirect impact of the tax increase, consisting of the difference between two
covariances. The first measures the relationship between the direct effect of increased capital taxes
on investments and the multiplier on the old budget constraint. A larger correlation implies a lower
optimal 7X because of the depressive effects on retirees’ consumption. The other covariance accounts
for an indirect effect of an increase in the tax, which distorts labor and investment allocations to
a magnitude pinned down by the covariance between the size of the tax base adjustment (i.e.,
the derivative of the marginal product of the tax base Fxk) and the multiplier on the old budget

18



constraint.

6.2 Capital taxes with heterogeneous agents and no social security

We now introduce agents” heterogeneity while keeping the government from using social security
instruments. We characterize the composition of the optimal capital taxes at the Ramsey equilibrium

in the following Proposition.

Proposition 7 (Optimal capital taxes with heterogeneous agents and no social security). Suppose,
without loss of generality, there exists two agents’ types 6 > 0’ for each generation and that the
government does not have access to social security instruments. Then, optimal capital taxes at the
story s', with t > 1, read as

1

K _ A (1f S 1 y H R (K

T = Z B (A ) [TG,t (At ’At+1) + Te,t (/\G,t’ Ag,m) + Te,t (/\Oe,m) + TG,t (AQ,G’,t)] ©:(0) (6.4)
0 Q,t( 9,t+1)

where Bg (), Té‘lt(-), TQI () and TQHt(-) are the same terms of the Ramsey optimal tax in the

homogeneous case (6.1), where we use the 0-specific quantities or prices for all quantities and

K

0.0 t) is a redistributional component.

prices that can be 0-specific; and Tgt (A
Proof. The proof can be found in Appendix A.5.2. O

Redistributional component The redistributional component in (6.1) is given by

(1-7) ,
Ty Ao, = ——5—A6,0,/01(0) C(6,6) (6.5)
t
where
Covy [Vt+1FI<K,t+1, u?,@,t+1] Covy [yt+11-"1<1<,t+1, U g o1
C(Ql 6’) - u’ B u®
c,0,t+1 c,0’,t+1

As with labor taxes, by allowing for agents” heterogeneity, we introduce an additional motive
of capital taxation, i.e., one for redistribution. The first term in equation 6.5 illustrates how the

government increases distortions on the 0-type agent. If 0 > 0’, the concavity in preferences

K
0,0t

productive type. The magnitude of such a distortion is pinned down by a covariance term C(6, 0’)

implies A > 0. This, in turn, generates taxation motives to impose distortions on the more
which measures how differently the two types respond to the indirect adjustments of the aggregate
tax base that follows an increase in capital taxes. In other words, each covariance term sizes how
the O-specific marginal utility of consumption is sensitive to changes in the return on risky capital
caused by changes in the tax rate. Therefore, a positive covariance means that the change in the
yield is positive in the states for which it generates positive marginal utility. How differently
the two types respond to such a change pinpoints the extent of the redistributional intervention
through capital taxes. If the covariance for the lower type 0’ is higher than the one for 6, motives
for reducing capital taxes stem since their marginal increase would harm the former more than the
latter. Notice that the covariance term would be zero under agents” homogeneity, thus shutting

down the entire component in that case.
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6.3 Capital taxes with homogeneous agents and social security

In this subsection, we revert to the homogeneous case while letting the government use the social
security instruments. The following Proposition shows how some of the motives for capital taxation

are crowded out by social security instruments.

Proposition 8. If agents are homogeneous and the government has access to the social security

instruments, capital taxes at the Ramsey optimum are given by:

A

K t+1 (6 6)
T = .
t Bi(A,1)
where TtI(-) is given by (6.3) and B;(-) by (6.2).
Proof. The proof can be found in Appendix A.5.3. O

Here, we show that the motives to tax capital boil down to the intertemporal component scaled
by the welfare one when the government can levy taxes to fund the social security system. This
is because 7°°F takes now care of the terms in (6.1) that do not appear in (6.6), i.e., the aggregate
resources and the hedging components. Notice that these two components reflect aggregate motives,
which the Ramsey planner can thus shift on social security taxes.

6.4 Capital taxes with heterogeneous agents and social security

Finally, we discuss here the case in which the government can impose social security taxes in a
setting with heterogeneous agents. Under these assumptions, a new motive for capital taxes arises,
substituting the hedging component of (6.4), as formalized in the following Proposition.

Proposition 9. Suppose, without loss of generality, there exists two agents’ types 0 > 0’ for each
generation and that the government has access to social security instruments. Then, optimal capital

taxes at the story st, witht > 1, read as

1 A (1 1 f y K foouf
o = 3 e [T (M AL )+ T (A 0 A8 ) + T (S 0 ) + T35 (e, AL, )| ©000)
0 0,1 9,t+1)

where By ¢, Té“t(-), Té (), Tgt(-) are the same terms of (6.4), and T3%,() is a funded social security

component.

Proof. The proof can be found in Appendix A.5.4. O

Funded social security component The funded social security component is

f fy_
Tes,st (At+1’)\t+2) = E

((1 - 5)/\{+2 - A{+1) n! T Ve FL (Z 919,t+1@t+1(9))
g

Since the funded component of social security acts as a mandatory saving in risky capital for the
households, it distorts their labor choices with effects on the amount of produced resources in
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the economy. This term shows that even considering this new channel, the government looks for
tax smoothing when it expects adverse shocks. In fact, an increase in the capital tax rate at the
story s has a mechanical effect on the aggregate income tax base of young agents at s'*!. The
magnitude of such an effect is pinned down by the overall wage change and the aggregate labor
supply’s measure. This shrink in the social security tax base affects the feasibility constraint at
s'*! since it reduces the funded component of social security in the economy and the feasibility
constraint at s'*2 by an amount proportional to the net-of-depreciation rate. Intuitively, the Ramsey
planner looks to smooth taxes across two periods when it expects a negative transitory shock by
an argument similar to the one discussed for the aggregate resources component. With respect
to that case, here, the timing is translated by one period due to the channel through which taxes
are linked to the resource constraint, i.e., labor income. The expectation of a negative transitory
shock at the story s‘*! reduces the motives for taxation at s! to avoid a harmful distortion of the
aggregate income tax base at the time of the shock. At the same time, the smaller the depreciation
rate of capital, the higher the optimal capital taxes since the erosion effect on aggregate capital—
which would call for higher tax smoothing—decreases.

7 Social security replacement rate

We now briefly turn the discussion to the optimal social security replacement rate and, in particular,
to its relationship with the government’s debt.

The first-order condition of the Ramsey problem on «x}* reads as

Z weftle'f/\g,t”cy,e,t - ﬁR?IT Z wo,tlo,1 Et [Ag,ml] @.1)
0 0

The optimal replacement rate is chosen to balance, in aggregate, labor distortion today with
risk-free capitalization tomorrow. Indeed, an increase in x}* improves the long-term returns to
labor and creates incentives for all Os to increase their labor supply. The size of this incentive is
proportional to the current income wg /g earned by each type and is rescaled by /\g, , to capture
the amount of the distortion. The right-hand side instead measures the future returns of increasing

x*, which depend on the current income and the value of transferring money to older workers as

0
0,t+1°

the replacement rate acts in practice as a risk-free asset. This has to do with the timing structure of

measured by A Importantly, returns are determined by the risk-free premium on bonds since
the social security system. In particular, the replacement rate is set one period in advance: for any
amount of current income, agents know with certainty how much they will get in social security
benefits when they are old. An immediate consequence of this observation is that the replacement
rate and debt management must show some consistency at the optimum.

We show this equilibrium coordination between replacement rate and debt management by
comparing the optimality conditions of the Ramsey problem for the two instruments. In particular,
we find that equation (7.1) is implied by the first-order condition on the individual investment in

21



bonds, which reads as
E; [Ag,t+1]
Pre1 Bt [”g,e,tﬂ]

This suggests that at the optimum, the government sets the two rates following a non-arbitrage

y o _
Ae,t -

logic between the two risk-free assets to which agents have access.

8 Calibration

7

This section discusses how we calibrate the model outlined in Section 2, choosing the parameters
values and the parametric specification of the households’ distribution. We let the model match
targets from three relevant western economies: the United States, Italy, and the Netherlands. We
chose these countries because we argue they represent an insightful example of different possible
policy mixes. In particular, the USA has shown a recent trend of increasing debt-to-GDP ratio, with
constant relatively low average income and capital taxes and a low social security replacement rate.
On the contrary, Italy has one of the highest public debts in the world, supported by considerable
tax rates. Moreover, it shows a high replacement rate. The Netherlands is characterized instead
by a small stock of public debt, significant income taxes, average capital tax rates, and a large
replacement rate. Moreover, the USA exhibits a sharply lower survival probability rate for the male

population with respect to the other two countries.

In what follows, we illustrate how we calibrate every parameter in the model, breaking down
our description by group. Table 1 presents the summary of the calibration exercise on the three

benchmark economies.

Period length and discount rate We calibrate the model so that a period corresponds to 40
calendar years, and accordingly, we set the discount factor  to 0.50, matching a yearly discount of
0.98—common in the literature.

Households” heterogeneity To calibrate the distribution of the discrete household types, we
non-parametrically fit different quantiles of the per-hour labor income that we compute from the
Luxembourg Income Study (LIS) database. In particular, we focus on the 2004 wave as the first
pre-crisis year common to the three countries. Notice that, in our model, individual productivity
is the only driver of wage heterogeneity. Thus, this information is sufficient for our calibration

purposes.

Demographics We assume that population growth is constantly equal to zero since we focus
on the steady state. We also assume a constant survival rate calibrated on the males” survival
probabilities to 65 years old from the World Development Indicators of the World Bank. We obtain
two very close values for Italy and the Netherlands—0.90 and 0.89, respectively—while the fraction
of American males that reach 65 years old is, on average, only 0.80. Given the time structure of our
model, this number well informs the probability for a given generation to reach the retirement
period.
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Government policies We calibrate average capital taxes paid by households on their saving using
a dedicated institutional source for each country.” In particular, we set a 15% capital tax rate for the
US given the information offered by the Internal Revenue Service (IRS) of the US Government;
a 26% rate for Italy as provided by the parliamentary documentation on the financial revenues
taxation8; and a 31% in the Netherlands as discussed in Klemm et al. (2021). All three tax rates are
taken from 2021 data.

For income taxes, we start from the tax wedge decomposition provided in the OECD’s Taxing
wages database (OECD, 2021c).° This is because, in our model, the total labor cost a firm incurs
corresponds to the labor income of a household. Firms indeed do not make profits, nor do they
pay taxes. Conceptually, they transfer all of their labor costs to workers” wages, who then pay
income taxes. From the OECD data, we are able to observe the breakdown of the labor wedge
in four relevant components: employer social security contributions, employee social security
contributions, income taxes, and cash benefits. Given the structure of our model, the sum of all
these four components constitutes the income tax rate we calibrate. Our income taxes calibration

closely meets the results from Erosa et al. (2012) for all three countries.

To calibrate the replacement rate, we use data from OECD’s Pensions at a Glance 2021 (OECD,
2021b), which reports the gross pension replacement rate by country as the ratio between the gross
pension entitlement and the gross pre-retirement earnings. This number needs to be re-scaled
as the percentage of our income tax base net of social security contributions and income taxes.

Therefore, we compute our effective country-specific replacement rate as

k*® =x5 (1-EC)(1 - T}é)

Net income

where k3 is the gross replacement rate as reported in the data, EC is the employer’s social security
contribution as a fraction of the total labor cost, and TZE is the effective labor tax levied on the
average worker’s income net of social security contributions. This way, we assign to each country
an average replacement rate value that is fully coherent with our model and reads as 0.32 for the
USA, 0.46 for Italy, and 0.51 for the Netherlands.

Finally, we set the funded component of social security to zero for all three countries. Indeed,
none of the countries we examine has a mandatory saving program to finance social security. In
particular, there is no mandatory program for a funded pension plan in the USA and Italy. The
Netherlands commits its employees and employers to pay contributions into pension funds, but
these contributions are agreed upon in collective employment agreements—thus, not chosen by
the government. This is why we opt to set 75 = 0 even in this case.

"Despite some works proposed estimated measures of savings taxes (see, e.g., the review in Sgrensen and Serensen
2004), there exists a strong model dependence in those estimates, as discussed by Hosseini and Shourideh (2019).
Therefore, we opted for a parametrization that relies more on institutional documents than other academic works.

8In particular, we refer to the March 31st, 2021 "focus" accessible here.

*Notice that tax wedge here refers to "the ratio between the amount of taxes paid by an average single worker (a
single person at 100% of average earnings) without children and the corresponding total labor cost for the employer.
The average tax wedge measures the extent to which tax on labor income discourages employment,” as the OECD
documentation reports.
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Table 1: Model’s parameters

Value

Parameter Description USA ITA NED Source(s)

Demographics
P Survival probability (65yo) 0.80 090 0.89 WB World Development Indicator (2019)
B Discount factor 0.50 050 050 Common in literature

Government policies

IRS Topic No. 409 (US); Parliamentary docs (ITA);

K .
T Capital taxes 015 026 0.31 Klemm et al. (2021) (NED)
! Labor taxes 028 046 0.36 OECD (2021c)
kss Replacement rate 032 046 051 Seetext
g5sF Funded component of 0 0 0 See text

social security

Macroeconomic parameters

BJY Debt to GDP ratio 161 183 0.66 OECD (2021a)
G/Y Expenditure to GDP ratio 048 057 048 OECD (2021a)
Technology
a Capital share 036 036 0.36 Common in literature
0 Capital depreciation rate 0.88 0.88 0.88 Hosseini and Shourideh (2019)

Macroeconomic parameters We target two macroeconomic parameters: debt-to-GDP ratio and
expenditure-to-GDP ratio. For both, we use data from the last available year in OECD’s Government
at a Glance 2021 (OECD, 2021a).

Preferences and technology For the numerical simulations, we use the same functional form as
the household utility function adopted in Conesa et al. (2009):

(cn(1 = 1yt-m)' 7

u(c,l)= =5

(8.1)

where 7 is a share parameter that tunes the relative importance of consumption to labor, and o
determines the household’s risk aversion. We take 7 = 0.18 and o = 1.5. Notice that, for o = 1, this
parametric form collapses on the standard log-log specification used in Chari et al. (1994), and later
in Farhi (2010), and Hipsman (2018). We also assume a Cobb-Douglas production function with a
constant capital share of 0.36 across countries, which is standard in the literature. Moreover, we set
the capital depreciation rate as equal to 0.88 for our period to meet an annual rate of approximately
0.05 as in Hosseini and Shourideh (2019).

9 Quantitative results for the steady state

In this section, we present the results of our numerical simulation. We focus on an economy in a
steady state without aggregate uncertainty. In this environment, the scope of debt is smaller since
it cannot satisfy the households’ need for safe assets, and it can be replicated by a combination of
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income and funded social security taxes. Since these simplifying assumptions reduce the policy
space, we comment on our results, focusing on allocations and welfare metrics rather than policy
parameters. Moreover, we assume that the planner is utilitarian so that welfare weights are constant
across all 0s. We start by defining the main welfare metrics that we employ to quantify the

improvements of the Ramsey optimum on the benchmark economies.

9.1 Welfare metrics

We quantify the welfare gains and losses of moving across two different policy scenarios with a
measure of equivalent variation that keeps labor constant at the reference one. We call this measure
a consumption-equivalent variation, and we quantify it as the percentage increase in consumption
that each type would need to experience to be indifferent between the benchmark economy and the
Ramsey optimum, given the constant labor. In a steady state, the levels of consumption and labor

along the life cycle are constant across generations, so the definition of this measure simplifies to

the following;:
Definition 6 (Consumption-equivalent variation). Denote with (c6 ” oelfﬂ, ly ’ ) the optlmal
allocatlon in a benchmark economy for the O-type agents of a generation born at s, and

(c(9 . 6 ; +1, ly ") the optlrnal allocatlons for the same agents at the Ramsey optimum. More-
y B

over, define Cop = (1 + Ag) and Ce 1 Ce i1

given type in the benchmark scenario. Then, the consumption-equivalent variation for a type 0 is a

(1 + Ag) the A-augmented consumption for a

value of Ag that satisfies
~y,B ,y,B R y,R
”(gt'lgt)"'ﬁl:bf“”(9t+1'0)_”(ét'ly )+ﬁ¢'t+1”(6t+1'0) ©.1)

The consumption-equivalent variation measures the willingness to pay for each type to avoid
moving from the benchmark economy to the Ramsey optimum. Thus, Ag > 0 if the O-type agent
would be better off at the Ramsey optimum relative to the benchmark. Therefore, we can compare

As across the types to understand the redistributive effects of moving between the two economies.

9.2 Numerical results: allocations and welfare

We start the discussion on our numerical simulations by comparing allocations in three regimes: i)
the benchmark economy, ii) the Ramsey optimum, and iii) the social optimum. In particular, we study
the components that determine agents’ utility at the optimum, i.e., young and old consumption
and labor. Moreover, our three different calibrations allow us to compare the allocations across

countries to discuss differences and similarities, which provide more insights about the model.

Figure 1 reports the allocations for the three countries in the three regimes. Overall, the benchmark
economy and the Ramsey optimum tend to behave more similarly since they rely on the same
set of instruments. On the other hand, the social optimum dominates the other two through two
channels. First, it lets households enjoy more significant consumption when young and old for
almost every type. Second, it manages to improve efficiency through an increasing pattern of labor
supply over the type space so that more productive households work significantly more than less
productive ones. In this calibration, the social optimum achieves a corner solution where no labor

25



Figure 1: Consumption allocations and labor: benchmark economy, Ramsey optimum, social optimum

(a) Consumption young (ITA) (b) Consumption old (ITA) (c) Labor (ITA)
0.07 v 0.07
@
0.06 0.06 v 05
0.05 x ] 0.05 04 hd
v
004rg ° ° ° 004rg ° ° ° ° Q ° . H = .
§ =]
0.03 v = 0.03 v v v v ' ' o]
v L 0.2
0.02 v =] 0.02 v =
v m =]
oY = = ooy E o |§ mmam
=) ] Ramsey
0.00 0.00 o0'@—o— e — —— —— L ——————
p5 p10 p25 P50 p75 p90 P95 p5 p10 p25 P50 p75 p90 P95 p5 p10 p25 p50 p75 p90 p95
] ] ]
(d) Consumption young (NED) (e) Consumption old (NED) (f) Labor (NED)
0.07 0.07
0.06 0.06 05 °
0.05 P> ° 0.05 i 04 )
&)
0o ) o ® =) 0% re ° [} ° ° ‘ e . n = "
, - 4
0.03 m 0.03 i v v v v ' ' L]
0.02 v L 0.02 ] o2
v : = & LI v
oY g ooy B ™
] Ramsey
0.00 0.00 mwe————————————
p5 p10 p25 P50 p75 p90 P95 p5 p10 p25 P50 p75 p90 P95 p5 pl0 p25 P50 p75 p90 p95
] (] ]
(g) Consumption young (USA) (h) Consumption old (USA) (i) Labor (USA)
0.07 0.07
[
=]
0.06 YV o006 05
ps .
0.05 L] 0.05 v = i
° ’ =] 0.4 =
004 g ° ) °® n 0041 g ° ° °® ° ¥ °® m
i 03 ] e
003 g 002 v v v v v v v v
0.2
0.02 0.02
8 v
001 E 001 w o ® oo™
¥ % Y] Y] Ramsey
0.00 0.00 ne———0—0———
p5 p10 p25 P50 p75 p90 P95 p5 p10 p25 P50 p75 p90 P95 p5 pl0 p25 P50 p75 p90 p95
] (] ]

Note: This panel shows the allocations of consumption of young agents (first column), old agents
(second column), and labor supply (third column). Each row refers to a different country: Italy (ITA),
the Netherlands (NED), and the United States (USA), from top to bottom. Each figure plots the
benchmark economy allocation (blue square), the Ramsey optimum one (green triangle), and the
social optimum one (orange circle).

supply is required from the least productive types, making the labor-type profile very steep. On
the contrary, the Ramsey optimum and the benchmark economies have flatter or even decreasing

labor patterns due to limited instruments.

Young consumption increases across types in all countries in the benchmark economy so that
wealthier households enjoy more significant consumption levels. This pattern is particularly
accentuated due to low labor taxes in the US economy. At the same time, Italy is the country with
the lowest inequality in consumption in the benchmark economy since it is the one where labor and
capital taxes are larger. Moreover, at the Ramsey optimum young-age consumption is higher for all
types in all countries, and the profile on the types’ dimension is steeper. Italy has more considerable
consumption gains in moving from the benchmark economy to the Ramsey optimum, especially for
high-productivity households who enjoy sub-optimally low consumption levels in the status quo.
The consumption pattern at the young age in the United States is instead remarkably close to the

Ramsey optimum. In contrast with the limited-instrument scenarios, the social optimum displays
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Figure 2: Consumption-equivalent variation between benchmark economy and Ramsey optimum
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Note: This panel shows the consumption-equivalent variation, as stated in Definition 6, for three
countries: Italy, the Netherlands and the US. Each figure shows the share of consumption a type
should receive to be indifferent between moving to the Ramsey optimum of staying in the benchmark
economy while keeping labor constant.

a non-linear and convex consumption pattern due to the need to compensate high productivity
types for their labor effort as prescribed by Equation (3.3).

Consumption in old age also increases in the agents’ types and tends to be higher than young-age
consumption for most of 0s. The Ramsey optimum increases consumption for everyone making
the pattern steeper except for the US, where old-age consumption is suboptimally high in the
benchmark economy for the wealthiest types. This is due to the low capital tax rate that US
households enjoy compared to the other two countries. At the social optimum, old consumption is
flat, as suggested by equation (3.1).

Labor effort is flat across types at the Ramsey optimum. This is a well-known result in the case
of log-log separable preferences in consumption and labor—a case we are not far from given
our utility function’s parametrization in (8.1). At the same time, the decreasing pattern in labor
supply observed in the benchmark economies is explained by significant replacement rates that
incentivize labor efforts from low-productivity agents who strive to increase their consumption
in retirement. As already discussed, the social optimum would require a steep pattern of labor
supply to maximize efficiency.

We conclude our discussion by investigating the gains of a Ramsey optimal policy relative to
the benchmark economy. Figure 2 reports the consumption-equivalent variations by type in the
three countries, as described in the Definition 6. Overall, every household type benefits from the
Ramsey optimum, as the variations” positivity suggests. In all countries, we observe a decreasing
pattern in the willingness to pay, which implies that moving from the status quo to the Ramsey
optimum would benefit poorer households more than richer ones. This result implicitly suggests
that the current policy mix in the three countries is less fair to low-productivity households than a
Ramsey optimum would prescribe. Notably, the redistributive gain for poorer households would
be even larger if we solved the Ramsey optimum with decreasing welfare weights instead of
focusing on the utilitarian case. The Netherlands is the country where gains seem to be more equal
across productivity types, which implies that the benchmark policy in the country is closer to the
optimal level of redistribution that can be achieved in a utilitarian Ramsey equilibrium. The United
States, on the other hand, penalizes the low end of the productivity distribution in the benchmark
calibration and emerges as the most unequal tax system. Italy seems to be placed between the other
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Figure 3: Social security benefit as a share of old consumption: benchmark economy and Ramsey optimum
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Note: This panel shows the amount of social security benefit each household type receives, as a share
of old-age consumption, under the benchmark economy (blue square) and at the Ramsey optimum
(green triangle). The panel reports the exercise for three countries: Italy, the Netherlands, and the US.

two countries.

9.3 Numerical results: social security

We now turn the discussion to the results on social security, focusing on two aspects. First, we
assess the generosity of the benefits system by quantifying the share of old-age consumption that
relies on social security transfers. Second, we quantify the importance of the funded component by

looking at what share of consumption young households save on funded social security.

Figure 3 shows that benefits in the benchmark economies exceed those at the Ramsey optimum in
all three countries, suggesting that the status-quo social security systems tend to be too generous.
The gap between the two scenarios is much larger in Netherlands and Italy than in the United
States, which has a lower replacement rate in the benchmark economy. At the optimum, the Ramsey
planner would indeed rely more on private savings rather than on social security. Moreover, the
old-age consumption share funded by social security benefits is flat across household types in the
Ramsey optimum, while it decreases in the benchmark economies. This is the byproduct of the

labor supply patterns discussed in the previous section.

While the qualitative result that the systems seem to be more generous than what is prescribed by
the Ramsey optimum is robust to alternative calibrations, the exact extent to which it is generous
should be taken with some grain of salt. Indeed, our calibration is limited by the two-period
structure of the OLG model, which implements an artificially low rate of work-to-retirement years
that depresses the optimal replacement rate in the optimum. Our simulation allows agents to enjoy
retirement for the same number of years they work, while a more realistic calibration with multiple
periods per generation and a lower share of the life-cycle in retirement would certainly deliver a

greater replacement rate in the Ramsey optimum.

Figure 4 displays our simulations for the funded component of social security, shown as the share
of consumption during the working period. As discussed early, this pillar of the social security
system is absent in all three countries in our benchmark economies calibration. Instead, the Ramsey
optimum prescribes a positively funded social security tax and induces the agents to save a positive
and reasonably sized share of their consumption when young. This share is wider in the US
compared to the Netherlands and Italy because the US exhibits a lower survival rate to retirement
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Figure 4: Social security funded contribution as a share of young consumption at the Ramsey optimum
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Note: This panel shows the amount of funded social security distribution, as a share of young-age
consumption, implied by the Ramsey optimum for each household type. The panel reports the exercise
for three countries: Italy, the Netherlands, and the US.

age. Thus, young agents face incentives to invest less, which in turn causes a suboptimal capital
level in aggregate. Since the funded social security contribution acts as a mandatory saving plan,
the Ramsey planner implements positive levels of this instrument when disincentives to investment
are more significant. At the same time, the planner aims to subsidize capital through negative
capital taxes, as in Saitto (2020). The share of funded contribution is also flat across household types
since both consumption and income are proportional to the agents” productivity. Taken together,
these results suggest that a funded component in the social security system is desirable for all three

countries.

10 Conclusions

This paper has provided a theoretical and quantitative analysis of optimal Ramsey taxation when
the households are heterogeneously productive, the economy faces aggregate shocks, and the
government has access to social security instruments. To model these instruments insightfully, we
allow them to account for both a defined benefit and a defined contribution scheme and to be

financed through a mix of funded and unfunded systems.

Our theoretical results show that introducing such a pension scheme changes optimal labor
taxation smoothing across periods in two directions. First, it erodes the income effects of a tax rate
increase since the replacement rate reduces the incentives for a labor supply adjustment. Second, it
adds new taxation motives that come from redistributional objectives. At the same time, social
security impacts capital taxes crowding out the taxation motives related to aggregate distortions
and bringing in a new motive linked to the change in labor supply caused by a change in the capital
tax rate. Moreover, we argue that the structure of our risk-free capital assets calls for equilibrium
coordination between the social security replacement rate and the public debt.

To keep our numerical analysis tractable, we have focused on the deterministic steady state of
three economies: the benchmark one, the Ramsey optimum, and the social optimum. Calibrating
our model on three countries (the US, Netherlands, and Italy) shows space for redistributive and
efficiency gains by moving from the status-quo allocations to the Ramsey optimal ones. In particular,
we show that the Ramsey-optimal social security benefits are lower than the actual policies in

all three economies. At the same time, optimal taxes include a non-zero social security-funded
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component that the government uses to increase aggregate capital.

Two limitations of our work are the low number of generations in our model and the linear structure
of the policies we consider. Our OLG model features two periods, thus unnaturally weighting
the working period as much as the retirement one—a modeling choice that artificially depresses
the optimal replacement rates. Moreover, linear income taxes allow for higher tractability at the
expense of lower efficacy in dealing with redistributive motives. Thus, we plan to include non-linear
income taxes and add multiple periods for each generation to refine the policy prescriptions on

social security in a future version of this work.
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Appendix A: Proofs and derivations

A.1 Households

The first-order conditions for a O-type household problem with respect to savings, borrowings,
and labor at time ¢, respectively, read as

Kt _ Y
Pi+1 Bt [Rt+1ug,6,t+1] =Ue gt (A.1a)
RV Ey |uf =u! Alb
BYiaR,y Br |uggpq| = U g, (A.1b)
Yy 1 ss,F ss,U
Ug [1 - =T -, ] Wo,t
(A.10)
Yy ss 0 _
HUy g+ PPraaiywo r By [“c,e,m] =0
First, we notice that
Yy Y
u u
,0,t ,0,t
RV = < and < " =1
0 JT.,0
P+ By [uc,e,t+l] Prs1 B [Rt+1“c,9,t+1]

Substituting the expression for Rfﬁ at the optimum and rearranging the terms, we can express
capital taxes as

y
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Moreover, the first order condition with respect to labor gives an expression for income taxes:
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A.2 Social planner

The first order conditions of the social planner problem with respect to young’s consumption, old’s
consumption, capital and labor, respectively, read as:
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where 7 is the Lagrange multiplier of the feasibility constraint at time ¢.

Combining the first two, we obtain
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From the first and the third, we have
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While the first and the fourth give the standard labor-leisure condition
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A.3 Ramsey planner
A.3.1 Proof of Proposition 2

Proof. We start by using the first-order conditions for the firm to write wages and capital returns as
OviFLr =wes and yiFx = rtK.

Then we note that equations (4.5) and (4.4) are equivalent to the first order conditions (2.3) and (2.4)
for the household problem. Substituting them into the budget conditions (2.1) and (2.2) we can
easily obtain (4.1) and (4.2). Finally, (4.3) is equivalent to (2.7) after we substitute (2.5). Proceeding
as in Section 4, we write the Lagrangian of the Ramsey problem as:

L= CPOﬁIPOHOZg(@)M( ¢},0) ©:(6) + Eo qutn?Zg(@)U( 104 €h10) ©1(6)

t>0

~Eo Z Z Ao [ oot +itgg, [Cg,t + 0+ be,t] + BP0y Fr o Er [ué’,e,m] ”

| t>0

Y E 0
U g cQt ~ Pt By [ c,9,t+1] .

~Fo Z Z BAG 11 [COe1 ~ = bos =70y FLr = o |1+ A K+

>0 BYi+1 Bt [MCO,Q,Hl] Br+1 B [FKJH”?,@JH]
—Ep Z Af Z g,t@)t(g) + 1’1? Z Cg,t@)t(g) + Gt — Vi F (Kt_1, Lt) + ni/ Z q@,t@)t(g)

| >0 0 0

+n) T Fr Z 0lg,10:(6) — (1 - 9)

nl | Z 960,0-101-1(0) + ! T y1-1FL i Z 0lg,1-19:-1(0)
g g

H

cQt — Pt By [ g,e,t+1] ce' — P B [ co,ef,t+1]
—mzzzM,

=0 0 0’70 BYi+1 B [FK,t+1”g,9,t+1] BYi1 B [FK,t+1”g,e/,t+1]

Y ss 0 y ss 0
Uy g+ PPk L Ey [”e,e,m] g ¥ PYPrary FLr Er [uc,G’,t+1]
—mZZZM, —

>0 0 00 OyiFriuly, OyiFrul o,

(A.2)
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A.4 The deadweight loss from labor taxation

A.4.1 Proof of Lemma 1
Proof. An individual 6 solves

.. y 0
maximize u (Ce,t' l@,t) + B E; [u (Ce,t+1'0)]
Cot7Co,t+1

subject to cg,t +qot+Dboy < [1 — 1l - (o F_ Tfs’U] wotlos + Try,

0
Copp1 < Rt+1’19t + R o, + 1 wo o,

where Tr; are lump-sum transfers used by the government to compensate young agents” utility.

Now, define V ( Cy, t, lot,c 6 ; the indirect utility of the individual 6. From the envelope theorem,

Vi, =0V /dTr = V@’ where ya = uc 018 the Lagrange multiplier on the young budget constraint.
It follows that 8V/81f = —?/UQ,tlglt‘uZ = —wo 19 AV [ITT;.

Consider the planner’s problem
maximize ¢ + fiPon Z g(O)u (Cg,O’O) ©:(0)
0

+E()

> gm! Y OV (ch, losi e, ) ©1(0)
0

t>0

subject to

ORb § Z bo,i-104(0) + Gy < n! Z [1 —1 - TfSU] we,t19,:O(0)
—ﬂZ%ﬁ@)nqﬁEhm@w>

- n TfleRK ) Z we,t-1l6,:-10+(0)
0

with the associated Lagrangian
£<mww%zgwmmmwwm

ZAt[ ORbT Zth 10:(0) + G;

t>0

-l 3 1= =T = Y [ walo, ©4(0) ~ ! Y boi101(0)
0 0

> it Z 2(0)V (c ( v oy t) ©:(6)

t>0

_EO

niT K Y 00,4100(0) = T RE) Y wai-1l0,104(6)|
0 0

Naming the different tax basis as Yg, = we g, Ye = Rﬁlwg,tlg,t, Bo: = R?’Tbgrt, Qo = rthg i—1,
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we can write the FOC for Tf as

Mechanical revenue

A% (cg v lot, ¢ t)
peny Z 8(6) P ©:(0) - E¢| —An! Z Yp,0:(6)
0 Ty 0
8 Qs 1y 1 F U 8Y9 3b9t
+ > As S[l—rt—rfs’ —TSS’] S+l ==
; Z ( T ' ot! ot!
a _ SS
—ndT, Q—Q,IS -+ el ~|e(0) =

ot

t t

We can use the Slutsky equation and the envelope theorem on the individual’s problem to obtain
the following relationship

(Ptg(e) BV( et'let' Gt) JFEs>t JFE,,
§ Yo, |- +1- @:(0) = l (A3)
ITry dTr; aTt
N———
Revenue loss from
Govt. value for decreasing an extra transfer to all Os compensated tax

base change

where the compensated fiscal externalities are given by

aPEs>t As aB@S 1 y [ ss F ss, U aY@
>t As 1—-_ ] s
8Trt ! Z /\t s 8Trt t Z R t 8Trt
.y Qbet 0 K 8Q6 s=1 o _ssF QSSs 1 ) (9)
S LdgTr, ° VL 9Tr StV L 9Tr |
and

JFEG,, A ( 9Bo,s-1 Yo
=E; Zn? c— —n! [1—T£—TfSF— fSU] .

8’[£ ; t ; 8Tf ; 8Tf

dbg + 9dQ0,s-1 051
) o ) e it ) — @)
o 97 0 Tt 0 Ty

Equation (A.3) equates the value of reducing the transfer of an extra unit of consumption to every
young individual in ¢ to the marginal excess burden of the tax. The latter is equal to the fiscal
externality computed using the compensated responses of different tax bases, including general
equilibrium price changes caused by the increase in 7’. Since everything is normalized by A;,
quantities are in terms of government revenues.

In our main Ramsey setup, the value of decreasing transfers to a young individual of type 0 in

t is captured by the multiplier A7 , i.e., the value of relaxing the individual’s implementability

0,/
condition. To convert this value into government revenues, we normalize it by the marginal social



value of increasing utility for a young individual of type 0 in t:
(We,t = nfqbtg(G) ®t(9)

Finally, summing across the individuals, we obtain the total value of a reduction of one unit of
transfer to all young agents:

Ao
= Wo,i

Ab(shy = -
which, in equilibrium, equates to the deadweight loss and is thus equivalent to the labor wedge. [J

A.4.2 Proof of Proposition 3

Proof. This proposition follows from Equation (A.10) noting that in the quasi-linear case ”cy,e, ;=
ul g =land uc ot = U g = ”iyc,et = 0. Hence in this case éb i =0and dT’ =0. O
A.4.3 Proof of Proposition 4

Proof. This proposition follows from Equation (A.10) noting that the terms in AX 0,0, and /\9 or,p Will
not appear since, with homogeneous agents, their terms vanish from the Lagrangian (A.2). O

A.4.4 Proof of Proposition 5

Proof. We prove the most general case (for two types 6 and 0’) in which the utility is not necessarily
separable, and then all the other cases will follow from this. To start, we compute the first-order

conditions of the Ramsey planner with respect to c ,and ¢j ., by taking the appropriate derivatives

0,t+1
of the Lagrangian (A.2). The first order condition w1th respect to cg , reads:

cc,O,t c,0,t

A{nf@t (0) = gbmfg(@)@i(@)ucy,e’t - /\Z’t [(cg,t + qglt + bg’t) ul o+ul o+ ”zyc,e,tl&t]

(yt+1Fk 41 — 0) qZ,i N bg,t

Yri1 Ey [(Vt+1FK,t+1 0) Mc 0 t+1] Yri1 Ey [Mg,9’t+1]

Y
ucc,@,t (A4)

Bt B | (reaFien = 0)uly |
y y ss - 0
L U, Gt U0t + ﬁl’[)tHKf thFL/fEt [uC,G,Hl]

—— - u
0,0t cc,O,t 2
thF M
L,t"c,0,t thFL ; c 6 ;

+ E; Ao

0,t+1 ucc o,t

K
/\99’
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while the one with respect to cj) , is

/\{”fﬁbt@t (0) = ¢t—1”ty_18(9)®;_1 (Q)ﬁﬂbt”get et 1 (ﬁ‘:bth 10Vi-1Ff i _qloi-1pie- 1“ccet)
4
c9t 1 cc@t by
, 041
PeEir |10 |

( Ueg1-1~ PYiEL- 1[ g,@,t])”?e,@,t
YiEi [(VtFK,t 5)Mcgt]

~ pAY, + Eict |49,

- Bt | 0nFir = 0) 49, | (yFis = 0)ah

0

u
—Ei [()/tFK,t - 0) Né,t] p = qg,t—l
Ei4 [(VtFKt o)ug t]

0
cc,0,t

_Et—l [)/t(FKt 5)Mcgt]
cGt 1~ BtEr- 1[ co,e,t]

By (Et—l [(VtFK,t - 0) ”g,e,t])
ﬁll)tK;;i]Vt—l GFI:,t—lugc,G,t ]

i y
Yi-10Fp g g, 4

K u
- AQ,G’,t—lEt—l

2 (thK,t - 6) ugc,g,f

L
- A@,Q',t—lEt—l

(A.5)

In the following it will be useful to use the first order condition of the Ramsey planner with respect

to bo ¢,
/\Zt _ E; [Ag t+1] (A.6)
YraEelul 5,41
and a similar identity that follows from it by using (A.1b):
Yotoor (A7)
e

Furthermore we recall the definition of the marginal social utility of an increase in consumption

for a young worker of type 0:

Wo,s = n! drg (0)@; (0) ! (A8)

c,0,t
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y Y
AQ uc

. . Jy _
From Equation (A.4) using A , = W - we get:
by
foy — 1Y qH oY
Ay O (0) = Wor |1-Ay | -——— 6t+n9t
Co,t
0 y _ Y Y

- Ao 11 Yec 0,1 (ye1F 41 = 0) g, by s

+ (WQ,tEt W 0
Ot U gt Yri1 B [()/t+1FK,t+1 0) MC 0 t+1] Yre1 By [Mglgltﬂ]
y
u

~ cc,0,t

- Wo,i Ay ,
uclg,tﬁljbt+1 E; [()/t+1FI<,t+1 —0) uglg,t+1:|
L y L

- A Uieo (1-1)

— (Wgrt v F v — Gg,t T
Ueop [VOFL g, Co.t
u . . . I
Where ag p = u‘:;'e't cg ; represents the inverse of the inter-temporal elasticity of substitution and
4 c,0,t ’
uicotlor

we define ng/t =1+ =" og/t. Using then Equations (A.6) and the households first order

conditions (A.la), and (A.1b) we get:

y by ,BR llft+1Et [ J ] AY
fy _ i JY Qo * oY y y c0t+1| Mgy
Ay @ (0) = Wor |1- Ay, [— v Pt T g Ge,t y y W
C@,t Qt uc,@,t 4
y [
To + 1 0,t+1
g 7 E; [(WH (yt+1Fk t41 = 0)
Cot Yra1r]Ey [ c 6t+1] ot

y 5L Y L
~x 90, 1 /\t Ui ot (1 - T )
o BPraar{Er [”g,e,m] ViOF o, “o,t

K

~K_/\69’rcy(9t AL — Ab cHt
where A" = W and A, Wy . After using (A.la), and (A.6) we proceed collect A , and
0,t

we finally get:

Y 0
3 s Qo . | Ao e Ver1Fi 41 = 0)
Mnl©,(0) = Wou [1-AY |n}, + 0y, 5 S — -
“o.1 ri Et [/\9 t+1]
K y
y Ag o't 1 /\tL Wic0.t (1 B TtL)
_GG,t b bt OF- Yy 00t Y
t Pr/E; [)\6 t+1] R, BE; [ 0 t+1] VIOUEL U o4 Cot

We now turn our attention to Equation (A.5). In order to facilitate the interpretation of this term

we need the expressions for the elasticity of risk-free returns to issued bonds and the sensitivity of
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capital taxes to issued bonds:

B[00 g |+ (0= ) B [P =)0,

’ =&
E; [“f,e,m] dby E; [(7t+1FK,t+l - 0) “Co,g/tﬂ]

(A.9)
The formulas above are obtained by computing the total derivative of (A.la) and (A.1b) by
keeping the young agents consumption constant and assuming that the change in the old agents
consumption is given just by a change in Rf’b. After taking the expectation at time t — 1, and
rearranging some terms using the households first order conditions, Equation (A.5) becomes:

Eir ]| 1@ (0) = pro1! 1 (0) 11 (0) pyiErn [, |

Ao 1(ﬁ¢t7<t 10V1-1Ff i 1lop-1pnje-1Er- 1[ ?c,e,t])

RTb f 1 q@f 1
B [ - B [0, By~ B [P~ 903, By o R
K R
Agorio1 ATy Y B Epo,i-1
b 0,0, t-1P 't b1y
R dbo,i-1 R:—lbe,t 1
Using Equations (A.1b), (A.6), (A.7), and (A.8) we get:
= L
Wo 11 R 1 KSL AQ 0,t-1
Es s [A{ ] iy (0) = —2 |1 7Y 1 el |- Zop a1 + i — 2L
R} " v RbTbgt 1 R E, 1[?\ ]
. thK_l qg,t—lﬁEf—l [(VfFKff —0) Ay ] )\9 0,1
b BRI Ee [,
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where we used the notation zg;—1 = QVt—lpi,t_llG,t—l- Finally we can put together the two
expressions we found and get:

W, = ) 1 x3° AL
1A |1+ R 1 - — |z ppsap + P ——————
b,t 0,t be,t bt 1,Y AP 1)t t+1 )
Rt R b R;f, Et I:A(é t+1:|
dtl % BE: [(Vt+1FI< t+1 — 5))\9t+1] /\Ig o
+
dbg s RE, [0
PR, Et 0,t+1
y
_ ny  Yr41Opa (9)E Y Y v Qg i1 c A9 140 (Ve+2FK p42 = 0) ~
Y @11 (6) E Yo+ 0,041 [Mo,t41 T 99,4417 t+1 , -
f+l 0,141 rb Era [Ae,mz]
L y
v A 1 B Ao o p41 Uic,0,t41 ~ (1-1f,)
09 t+1 Cj 0 b,T R 6F~ uy Og,t+1 —Cy
0,t+1 ﬁ?’t+1Et+1 [AQ,t+2] Rt+1ﬁEt+l |:/\9,t+2] Vi+1l Le+1¥c0,641 0,t+1
(A.10)

This general expression can be then reduced to the case of a separable utility function noting that
in that case

y o_ 4
Mot =1— 0y,

A.5 Capital taxes and social security
A.5.1 Proof of Proposition 6

Proof. This proposition follows from A.5.4 once we set TSS’F and «3* to zero, and noting that in the
case of homogeneous agents we do not have terms in AX 0.0/t O

A.5.2 Proof of Proposition 7

ss,F

Proof. This proposition follows from A.5.4 once we set 7,”" and «;}* to zero. O

A.5.3 Proof of Proposition 8

Proof. The proof follows form A.5.4. In particular, we can use (A.12) and note that with homogeneous

agents there are no terms in AX |, . Then we can substitute in (A.14) and realize that almost all

0,0t
terms cancel out and we are left with

[ﬁAHl ct+1Rt+1] /\tucet

7}
ﬁEt [/\ e o1 (Ve Froeen — 5)]
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A.5.4 Proof of Proposition 9

Proof. We prove the most general case (for two types 0 and 0”) in which the utility is not necessarily
separable and then all the other cases will follow from this. To start, we compute the first order
conditions of the Ramsey planner with respect to q¢ ¢ by taking the appropriate derivative of the
Lagrangian (A.2). This first order condition reads:

/\g iMoot Et [(Ag,wz - lPHZAg,tHEHl [”g,e,nz]) 5Kfi197’t+1F£K,t+1”ty®f () le,Hl]

(ye+1Fx 141 = 0)
BYi1Es [()/t+1FI<,t+1 0) uc 0 t+1]
ﬁ¢t+1

Ve+1Fkk t+1E¢ [(%+1F1<,t+1 - 0) ug’,gm] — (yt+1Fkt+1 — O) Et [Vt+1FKK,t+lug,9,t+1]

+E¢ |BAG g |1+ (”cy,@,t — BB [”g,e,m])

+ E; ﬁAe t+1q9t ( — BYiaEs (u [ c6t+1])

2
E; [(Vt+1FK,t+1 0) MC 9t+1]

= M1l ©0(0)+ E [AL101 (0) (yemFicamanf + (1= o) )|

( t+2(1 o) - /\t+l) M t+l Vt+1FLKt+1” O (9)2919 tH@Hl(G)}

ul o, — BraEr [”f,e,m]
B E; [(Vt+1FI<,t+1 5)”c 0,t+1
g 9' — PYes1Er u [ 5,9/,t+1]

Bir1Er [()/t+1FK,t+1 O)ul g i1

K
+/\66,

S Et [Vt+1FK1<,t+1 Mf,g,Hl] n/©; (0)

S Et [Vt+1FKI<,t+1 u,?,@,lm] n!©; (0")

ss - 0 ss el 0
Kia1V1+10Ff i B [uc,e,t+2] K1 V1410 Fig B [uC,G/,HZ]

_ L WY y
Et /\9 0, t+1 OF - Y ®f (6) /\9 0 t+1 o'F- v nt @t (9)
ViU U g 41 s S WS LS ae |
y ss ~
Y Uy g+ B2k Ven OF 1 Ern [Mc,e,t+2]1:~ Ve, (6
6,6" t+1 0u? 2 ik 11 © (0)
Ver1OUe g F5 pg
y ss .
AL uj gy ¥ B2k Vi O0°F B [Mc,ef,t+2]F~ Yo, (6
T 960 141 ik, 11 ©r (6)

’ 2
V410 uc 0’ t+1FL 41
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Using (4.4), (4.5), and (A.7) we get:

y

0= _/\Zt co4 T E [(Ae t+2 4’“2% pa Eren (U [ c,0 t+2]) B33 0y Fry 41 ©1 (0) lo t+1] +E; [ﬁ/\e t+1R§<+;]

y K n; ®t (9)
PAo 10, (1 -1 ) o

Vi+1Fkk t+1Et [(7t+1F1<,t+1 - 0) u;’,@,m] = (yt+1Fk 41 — O) Et [7t+1FKK,t+1ug,9,t+1]

E; [(Vt+1FK,t+1 0) uc 0 t+1]

+ E;

— M n'e, (6)+E [Am@t ) (yHlFKHln +(1-5)n )]

+ E;

( 1121 =0) = t+1) ”ty+1TfiiF7/t+1F£K,t+1”f’®f (9) Z 6lp,1+10141(0)
0

E; [Vt+1FKK,t+1ug,9,t+l] E; [)/t+1PKK,t+1”g,9/,t+l]

+ 28 g (1= ) nf ©: (0) - o (0)
E; [(Vt+1FK,t+1 5)%9”1] E; [(Vt+1PK,t+1 o) u; 9’t+1]
Fr Ever [l 0447 Etir {4l g0 140
—Et |Ag,0 111 Kin FLKtH £ ]®t (9)——£ ]®t (09)
Lit+1 Ui+ Ueor i1
F;
/\é 07 ,t+1 (1_TtL) FLK AL y(@t (0) - ©; (9))]
L,t+1
(A11)
Rearranging some terms and using (A.1b) we get:
E, [(/\f R —Af)] n’©; (6) E [m R ] Al
K pr1 L T £t N t|BAG 11l 0 1 Rt 0,t"¢c,0,t
T, = - -
Wt 15,1 1y e Fican = 0)| - BE: |28 080 0y (et Ficion = 0)]
pn!©; (0) E; [_ (1-1f) qg,tyt*'lFKK/Hlug,Q,Hl]
+
BE |35, 180101 (it Fiin = 0)|
Covs |35 1, estFiemn = 0)uly | Coor |35 1,08 e Pt
E; [qg  (VeaFre —0)ug 4 t+1] E; [qg Ve FriGrug t+1]
B (M0 = 0) = ALy ) my sy Vet P 0! €1 (0) (Zg 010,141 ©141(0))|
N (A12)

Wo ,+BE: [ 0,t+14c, 6 F+1 (Ye+1Fx t41 — 5)]
Ey [(WWH (/\e t2e,0,002 ~ Bt [;\g,t+2u3,6,t+2]) B35, 0t Fi 1111 ©t (0) lé),t+1]

W, BE: [ 0041400 01 (Ve FR 1 — (5)]

/\g o't t®f (6) (1 - Tf)

. b
W 1BE: [Ag,mu;@,m (yee1Fk e41 — 5)] d

+

+

Cov; [Vt+1FKK,t+1,Ug,9/t+1] Cov; [Vt+11:1<1<,t+1,ug/9,,t+1]

Ei [ c,0 t+1] E; [”co,e',m]
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~ /\y ~ A0 ~
vy _ Mot Fo — 0.t+1 _ Wou ; : : .
where Ay, = Worr Mo = Wori o and Wy = 7 Now we can simplify this expression by

using the first order condition of the Ramsey planner with respect to 7
] yes1Fi es1dg 1y (Z wo,tlo,1O(0)
0

ss,F,
t

OZ—E[L

Z l/\(ya,Hl‘BlPHZK?ilEHl [”g,e,mz] 9Vt+1F1<i,t+119,t+1”ty (Z we,t1,:O1(0)
0 0
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o
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0 0
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0
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0
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L Ky OB [uc,Q,HZ] ,
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Vi1Vt 0115 F g ]
ss 1T 0
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Using similar steps to the ones that let us obtain (A.12), we get:

BE:

Z (/\g,uz —Etn1 [A?a,mz]) KfilVHlFiK,tﬂ@lH,Hl]
6

+

B (1 - TtK) Z qZ,fWe,tEt [Vt+1FKK,t+1“3,e,t+1]
0

Jo0 0 Jo 0
Cov (AG,HI’ uc,@,t+1yt+1FKKft+1) Cov (Ae,m' Ueo,t41 (e Fr e = 6))

(A.14)
E; [)/t+1FKK,t+1McO,9/t+1] E; [()/t+1F1<,t+1 - 0) ug,6/t+1:|
Frg
+E (A{+2 (1-6) - A{H) T 2| 4 Ey [A{H (raFrpen + (1= 58) = Af ]
Lt+1
(1K) [ Couvr [)/¢+1F1<K,t+1,u§’,3,t+1] Cov; [%+1F1<1<,t+1,u§,9,,t+1]
+ Alg,ﬁ’,t b t - =0
"i Ei [ug,e,t+l] Ei [“3,9',”1]

Now, we can sum (A.12) across all 0 and substituting in (A.14) we arrive to:

Wo,tBE: [;\g,tﬂucolg,tﬂ (ye+1Fk 41 — 5)]

K _ ( 3] f f
T - (N —1)E[(/\ R —/\)]
t 5 n?@t (6) t p+1 v+l t

5 5y Y
Wo, [Ef [ﬁ/\g,Hlug,G,HlRt“] - /\G,tuc,e,t]
+
7 n! Oy (0)
+ (N® - 1) E; (A{+2(1 —0) - /\{+1) ”ty+17tsi'1FVt+lFE1<,t+1 (Z 919,t+1®t+1(9))
0

B o (1-1K) Cov; [Vt+1FK1<,t+1, ug,9/t+1:| Cov; [7/t+1FI<K,t+1; Mflg,rtﬂ]
A8 gy (NO=1) -
rt Et [L{

o [
c,@,t+1] E; [MC,Q’,Hl]

(A.15)
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